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Physical and thermodynamic properties have been calculated and analyzed for the best and optimized
geometries of the 3-D clusters with N � 3 to N � 10 atoms and unit cells of three types of crystalline sys-
tems using ab initio RHF/6-31G** method. Dependence of the lattice binding energy on the cluster pa-
rameter, R, has been studied. Similar behavior observed for the binding energies for all clusters shows that
probabilities of their existence in the condensed phase are more or less the same. In the next step, thermo-
dynamic properties have been calculated and analyzed for He27 3-D helium clusters with simple cubic,
body centered cubic (bcc), trigonal and hexagonal (hcp) configurations. The results show that the hexago-
nal cluster is more favored over other clusters. It is found that these clusters are electronically stable over a
limited range of the values for the lattice parameter. �fH is constant in this stability region and thus the �fG
exactly follows the variations of T�fS. Surface effects have been investigated by comparing the square
and hexagonal He9 2-D lattices with the cubic and hexagonal He27 3-D lattices, respectively. The lattice
parameters, densities and molar volumes calculated for the clusters with hcp and bcc configurations have
satisfactory agreement with the available experimental values. Properties of the He13, He34 and He104 hcp
clusters have also been calculated and analyzed.
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INTRODUCTION

The structure and dynamics of clusters of different

sizes, i.e. of aggregates of identical partners bound by ei-

ther chemical forces or by weaker physical interactions,

usually show a set of different properties from either the

atomic components or the corresponding mesoscopic bulk

structures.1 We can consider small atomic and molecular

clusters as nano systems showing a variety of properties

different from those of both the isolated atoms and mole-

cules and the corresponding bulk system which can be em-

ployed for specific new applications, e.g in nanoscale de-

vices. At the same time, these clusters can be studied using

standard theoretical and computational methods used at the

molecular level to interpret and understand their behav-

ior.2,3 Clusters of rare gases (Rg) formed by weak van der

Waals (vdW) interactions, and their capacity to act as inert

solvents for atomic and molecular dopants4,5 have received

a great deal of attention in the past two decades and have

provided a very useful ground for applying and evaluating

the ability of computational and theoretical (both quantum

and classical) methods to accurately interpret a broad vari-

ety of observed properties.6-9

Inert gases in many aspects form the simplest struc-

ture of the condensed phase. Chemists have not yet been

able to synthesize macroscopic quantities of chemical com-

pounds containing helium, neon, and argon. Clusters and

molecules containing atoms of these gases are stable for

short periods of time and detectable only in solid matrices

at very low temperatures. Therefore, it is usually stated that

the threshold of actual chemical reactivity is reached at

krypton,10 and the lightest noble gases are still perceived as

essentially inert. In less usual environments, as compared

to the traditional chemistry laboratories such as the low-

pressure or high-pressure gaseous phase or the low-temper-

ature solid matrices, however, one discovers a large num-

ber of stable or metastable species containing helium, neon,

and argon, questioning validity of the chemical inertness of

these elements. The observed neutral molecules and ions

containing inert gas atoms range from simple small-size

molecular fragments or complexes to large-size encapsula-

tion products with the noble gases included in a cage. Com-

putational techniques, usually employed to elucidate the

structure, bonding, and properties of the experimentally

observed species, are also used to reveal yet unknown rare

gas compounds and to suggest conceivable routes to their
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preparation.11-13

The chemistry of gaseous and solid phase species

containing helium, neon, and argon is indeed a fascinating

interplay between theory and experiment, and the relevant

covered literature is already impressively large.14-19 He-

lium is in principle the most inert monoatomic gas. It has

the highest ionization potential (24.587 eV) and the lowest

polarizability (0.205 Å3)20-21 of all chemical elements and

therefore appears as a very hard sphere, extremely difficult

to bind. The necessary quantum correction for the kinetic

energy is larger for a helium atom than that for other inert

gases.22

The binding energy of an inert gas crystal is simply

obtained by adding the potential energy of all atoms of the

crystal. For an N-atom crystal of inert gas, the per-atom to-

tal potential energy, assuming a Lennard-Jones potential,23

is given by

(1)

where �ijR is the distance between each atom j and the ref-

erence atom i expressed in terms of the shortest distance be-

tween the nearest neighbors, R. The factor ½ takes care of

the overcounted interactions. In Eq. (1), �, the hard sphere

collision diameter, is the distance corresponding to the zero

energy of the i-j inter-atomic interaction potential. Summa-

tion � in Eq. (1) converges quickly for body centered cubic

(bcc) and hexagonal (hcp) structures. Therefore, only the

first few nearest neighbors contribute mainly to the total in-

teraction energy of the crystals of inert gases. The interac-

tion energy, �, depends on the type of the interacting spe-

cies of the lattice. Calculations based on Eq. (1) predict that

the bcc structure is preferred by Xe, Kr and Ar, while He

prefers an hcp structure.23-24

Prediction of the boiling point of liquid helium and its

PVT behavior using ab initio methods is the ultimate aim of

this series of studies. In the first part of our studies, we ex-

amined ability of the RHF/6-31G** method in predicting

comparative properties and behaviors of the 1-D and 2-D

helium lattices.24 It was discussed there that although the

RHF method may not be able to predict exact numerical val-

ues of the physical quantities of systems with weakly inter-

acting particles, its comparative predictions are valid enough

for qualitative analysis of the behavior of these system.

Here, in this work we have extended our studies to the

small 3-D clusters of He atoms. In the following sections,

first, computational procedures used in this work will be

presented. Next, the characteristics obtained for helium

clusters with different configurations will be presented and

discussed. Then, helium clusters with unit cells of three

crystal-systems in eight different crystal lattices are stud-

ied. Finally, characteristics of the He27 3-D helium clusters

with simple cubic, body centered cubic, trigonal and hex-

agonal configurations are calculated and compared with

those of the square and hexagonal He9 2-D lattices and with

available experimental data.

COMPUTATIONS

In 3-D space, point symmetric groups allow seven

types of crystalline systems and fourteen types of various

crystalline lattices among which only the three systems cu-

bic (cubic P or simple cubic, cubic I or bcc, cubic F or fcc),

tetragonal (tetragonal P and tetragonal I) and orthorhombic

(orthorhombic P, orthorhombic C and orthorhombic I)

crystal lattice types have been considered in this study. In

the optimization procedures of different 3-D He clusters,

geometrical constraints of the unit cells corresponding to

these crystal lattices have been imposed. Potential energy

surfaces of the breathing mode of vibration are derived for

the unit cell clusters by varying the lattice parameter. For

the calculation of thermochemical properties, vibrational

analyses were carried out within the same level of theory

and with the same basis set used for the geometry optimiza-

tion with a scale factor of 0.8929. The imaginary frequen-

cies found for some of the clusters show that these clusters

are not quantum mechanically stable within the imposed

geometries. It is practically impossible or very difficult to

locate the absolute minimum point on the potential hyper-

surface of the large clusters with all inter-atomic distances

and bond angles released, but this is possible for small clus-

ters; the best geometries obtained for clusters with three

and four atoms, for example, are equilateral triangle and

regular tetragonal, respectively. All calculations have been

carried out using the RHF/6-31G** method with G94 and

G98 software.25

RESULTS AND DISCUSSION

3-D helium clusters

The calculated values of the per-atom binding ener-
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gies defined as Eb � ��E � � [E(HeN) � N E(He)]�N and the

optimum geometric parameters are reported in Table 1.

From the results presented in this Table, it can be seen that

values of binding energy and optimized lattice parameter

do not have well defined dependence on the number of at-

oms of the cluster. Positive binding energy and zero num-

ber of negative modes obtained for most clusters in these

calculations correspond to the quantum stability of these

helium clusters. Negative modes obtained for some of the

clusters may be attributed to the constrained bond lengths

and angles of the non-suitable imposed geometry of these

clusters.

Dependence of the lattice binding energy on the lat-

tice parameter over the range of R � 3.0-4.0 Å for different

clusters containing 3-10 atoms is shown in Fig. 1. This

R-dependence of the binding energy can be regarded as the

potential energy curve of the breathing mode of vibration

of the lattice. Fig. 1 shows that minima of the binding en-

ergy curves for all clusters occurring around R � 3.2 Å. The

R-dependences of the obtained potential energies are simi-

lar to typical anharmonic diatomic vibration potential.

These results show that all of these clusters may exist in the

liquid and polycrystalline solid phases. Similar behavior

observed for the binding energies for all clusters show that

their existences in the condensed phase are more or less

equally probable.

The calculated values of the depths and widths of the

potential wells of the breathing modes of vibration depend

on the configuration type and are almost independent of the

number of helium atoms of the cluster. Except for the sim-

ple cubic lattice, all of the examined lattices have complex

geometries with a variety of He-He distances (bond lengths).

In a thermalized liquid and in a polycrystalline solid, all of

possible clusters with different lattice types may exist,

however with different statistical weights or probabilities.

This makes the ab initio theoretical study of He in the con-

densed phases even more difficult. Due to their different

electronic spatial extents, � R2
	, probability of the exis-

tence of different clusters with the same number of He at-

oms but with different geometries vary with pressure, tem-

perature and density.

The results obtained for the unit cell 3-D clusters re-
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Table 1. Number of negative modes Nim, optimized lattice parameter R (in Å), electronic spatial
extent <R2> (in au), and per atom binding energy Eb (in cm-1), heat capacity CV/N and
entropy S/N (both in J/molK), calculated for different 3-D helium clusters using RHF/6-
31G** method

Cluster

He3 He4 He5 He6-(a) He6-(b) He7-(a)

Nim 0 0 0 0 3 2
R 3.18987 3.19216 3.18775 3.14330 3.18916 3.19215
< R2 > 79.6 118.4 301.9 233.0 268.2 452.9
Eb 0.358 0.527 0.289 0.687 0.530 0.599
CV/N 16.6 18.7 20.0 20.8 16.6 19.0
S/N 102.2 105.0 159.2 106.2 86.0 101.3

Cluster

He7-(b) He8 He9-(a) He9-(b) He9-(c) He10

Nim 9 6 3 8 11 11
R 3.18753 3.18351 3.19388 3.19037 3.14309 3.18768
� R2

	 451.7 452.9 603.8 602.5 585.4 758.3
Eb 0.307 0.535 0.619 0.549 0.412 0.463
CV/N 10.7 15.6 19.4 14.8 12.0 13.3
S/N 60.5 75.4 98.6 74.8 67.5 65.9



ported in Table 2 show that the unit cells which have no

negative modes have larger binding energies as compared

to the other types of unit cells. No correlation is found be-

tween the calculated binding energy and the point group

symmetry and the number of atoms of the lattice unit cell.

The largest binding energy is obtained for the unit cell of

the orthorhombic lattice C (O-C) in which the two helium

atoms located in the two parallel faces have the shortest dis-

tance. Also, the binding energy for the packed lattice ob-

tained is 0.488 cm-1/atom which is less than that obtained

for the rectangular lattice with the optimized unit cell di-

mensions R1 � 3.2, R2 � 3.9 and R3 � 3.9 Å.

Thermodynamic analysis of different He27 3-D clus-

ters

Thermodynamic stability of the He27 3-D clusters in

four types of lattices (simple cubic, body centered cubic,

trigonal with 60
 angle and hexagonal unit cells) have been

analyzed based on their formation Gibbs free energies �fG.

The geometries of these He27 3-D clusters are plotted in

Fig. 2. The results of this study are demonstrated in Fig. 3.

This figure shows that formation of this cluster in different

lattices is electronically possible only at certain ranges of

the lattice parameter values.

In order to locate the stability range of each cluster,
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Fig. 1. Dependence of the per atom binding energy, �E (cm-1/atom), on the lattice parameter R (i.e. the potential energy
curve for the breathing mode of vibration of the lattice) calculated for different 3-D helium clusters containing 3 to 10
atoms (Table 1) using the RHF/6-31G** method.



the number of negative modes is calculated and followed

with changing lattice parameter. As can be seen from Table

3, three of these lattices are electronically stable only over a

limited range of the lattice parameter values, and the fourth

lattice does not show any stability range without negative

modes. These ranges for the cubic and trigonal lattices are

identical. Analysis of the geometries of these He27 3-D

clusters plotted in Fig. 2 show that hexagonal and body

centered cubic clusters studied here do not form a complete

multiple of the corresponding unit cells in an organized

way as occur in the actual macroscopic lattice. Although

the constrained geometry of having single values for the

nearest neighbors He-He distance is not realistic, the re-

sults can well serve the purpose of the present work for the

comparative study of the �fG values of different 3-D he-

lium clusters.

Variations of the �fG values for the He27 clusters with

simple cubic and trigonal configurations are similar. In the

stability region, where the cluster has no imaginary fre-

quency, the �fG values for the trigonal cluster are lower

than those for the simple cubic cluster. In our previous

work on the 2-D He lattices,24 the same trend is observed

for the corresponding 2-D lattices (we can assume that the

3-D clusters are formed by stacking three layers of the cor-

responding 3 � 3 2-D He lattices. Comparison between the

R-�fG curves calculated for the corresponding 2-D and 3-D

clusters are presented in Fig. 4. It can be seen from this Fig-

ure that the 2-D lattices are more stable than the corre-
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Table 2. Number of negative modes Nim, optimized lattice parameters Ri (in Å), electronic
spatial extent <R2> (in au), and per atom binding energy Eb (in cm-1), heat capacity
CV/N and entropy S/N (both in J/molK), calculated for different 3-D helium clusters
with unit cells of three crystal-systems in eight different crystal lattices using RHF/6-
31G** method

Cluster

He8 He9 He14 He8

Lattice Simple Cubic Cubic I (bcc) Cubic F (fcc) Tetragonal P
Point Group Oh Oh Oh D4h

Calculation Z-Matrix Both Cartesian Cartesian
Nim 0 11 0 0
Eb 0.535 0.407 0.884 0.510
R1, R2, R3 3.2, 3.2, 3.2 3.6, 3.6, 3.6 4.5, 4.5, 4.5 3.2, 3.2, 3.3
�R2

	 457.4 576.3 1117.3 466.7
CV/N 21.8 12.0 23.2 21.8
S/N 116.4 75.9 101.3 115.6

Cluster

He9 He8 He9 He10

Lattice Tetragonal I Orthorhombic P Orthorhombic I Orthorhombic C
Point Group D4h D2h D2h D2h

Calculation Both Cartesian Cartesian Cartesian
Nim 1 4 1 0
Eb 0.624 0.444 0.605 0.582
R1, R2, R3 3.2, 3.2, 4.5 3.1, 3.2, 3.3 3.2, 3.3, 4.4 3.2, 3.3, 5.5
�R2

	 606.0 485.6 599.9 793.7
CV/N 21.2 17.7 21.2 22.4
S/N 110.4 101.0 109.4 116.9



sponding 3-D lattices. The stability ranges for the two cor-

responding 2-D and 3-D clusters are more or less the same.

In these ranges, the slope of the R-�fG curves for the 3-D

lattices are larger than those for the corresponding 2-D lat-

tices. Fig. 4 shows also that the thermodynamic difference

between the 2-D and 3-D lattices is smaller at the higher

end of the stability region. Results also show that the differ-

ence between the two types of 3-D clusters is much larger

than that of the corresponding 2-D lattice.

The calculated values of �fGmin at the minimum of the

stability range (reported in Table 3) for the hexagonal clus-

ter are more negative than the corresponding values for the

other three types of lattices. This, plus the zero number of

negative modes, shows that a hexagonal cluster is quantum

mechanically and thermodynamically stable. Therefore, it

can be said that a hexagonal lattice is the most favored

structure for solid helium which is in perfect agreement

with the experimental data.26 It should however be men-

tioned that crystallization of the solid helium in the cubic

and the trigonal lattices are also possible but with lower

probability. In accordance with this prediction, the experi-

mental results have shown also that in a helium solid sam-

ple, small amounts of bcc state exist for densities lower

than 0.1932 gr/cm3, and the bcc structure composition in-

creases with a decrease in density, so that at densities lower

than 0.1906 gr/cm3, no solid helium sample can be found in

a pure hcp state.26 Based on these results only bcc and hcp

clusters will be considered for further study in the rest of

this report.
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Fig. 2. The He27 3-D clusters with different crystal lat-
tices studied in this work.

Fig. 3. Variation of the formation Gibbs free energy
�fG (298 K, l atm) in kJ/mol as a function of lat-
tice parameter for He27 clusters in four types of
configurations, hexagonal (hcp), simple cubic,
trigonal and cubic I lattices calculated at the
RHF/6-31G** level of theory.

Table 3. Number of negative modes, Nim, obtained for the He27 3-D clusters over different ranges
of the lattice parameter using the RHF/6-31G** method. The highlighted section shows
the stability range in which Nim � 0. Characteristics of the minimum point of the R-�fG
curves, Rmin (in Å) and �fGmin (in kJ/mol), are also reported in the last two rows

Cubic Trigonal Hexagonal Cubic-I

R Nim R Nim R Nim R Nim

3.00-3.17 21 3.00-3.17 12 3.00 2 3.00 20
3.18-3.19 7 3.18-3.19 11 3.10 1 3.10 24
3.20-3.36 0 3.20-3.36 0 3.25-3.37 0 3.20 26

3.37 12 3.37 9 3.37 1 3.30-3.50 25
3.38 52 3.38 30 3.38 2 3.60-3.70 24
3.39 54 3.39 44 3.39 62 3.80-4.00 60

Rmin �fGmin Rmin �fGmin Rmin �fGmin Rmin �fGmin

3.36 -45.27 3.36 -28.10 3.369 -55.36 3.80 281.10



3-D helium clusters with hcp unit cells

Variations of �fG�N for three hexagonal HeN clusters

with N � 13, 34 and 104 (Fig. 5) have been plotted in Fig. 6

as a function of the lattice parameter. The He34 and He104

clusters are complete multiples of the hcp unit cells.

Fig. 6 shows that comparative trends of the functional

forms of �fG�N and its minimum value, �fGmin�N, are al-

most the same for all clusters, but the values of the lattice

parameter at the minimum point for the He104 cluster

slightly differs from those of the other two clusters by 0.05

Å. The difference between the results obtained for the He104

and the other two lattices is partly due to the use of a differ-

ent basis set. Calculations with the 6-31G** basis set on

this lattice was not possible due to our limited hardware fa-

cilities. As a result of this study, the optimized value of the

lattice parameter for the hcp cluster in its thermodynami-

cally most stable state is found to be R � 3.369 Å. Based on

this value, and by fitting a rectangular cube over 30 atoms

of the hcp cluster, the approximate density and molar vol-

ume of a solid hexagonal helium sample with pure hcp

structure are calculated as:

(2)

(3)

The experimental values of the lattice parameter, den-

sity and molar volume are reported to be 3.655 Å, 0.2

gr/cm3 and 24.75 cm3/mol for 4He and 3.561 Å, and 20.75

cm3/mol for 3He, respectively.26,27 A comparison between

these experimental values and our computational results

shows that the calculated values of lattice parameter, den-

sity and molar volume are reliable and acceptable within

accuracy of the computational method used in this study

and the typical experimental error bars.

The difference between molar volumes of the two he-

lium isotopes which should ideally be identical is due to the
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Fig. 4. Comparison of the R-dependences of the formation Gibbs free energies of the corresponding 2-D24 and 3-D helium
lattices obtained at RHF/6-31G** level of theory.

Fig. 5. Different HeN clusters with hcp configuration
studied in this work.



difference in quantum nuclear statistics of the two isotopes.

Since present computations are carried out at the HF level

of theory, this difference cannot be distinguished by the re-

sults obtained in this work.

Variations of �fH and �fS values (at 1 atm and 298.15

K) with the lattice parameter for the H13 hcp cluster have

been plotted in Fig. 7. This Figure shows that �fH value is

constant in the stability region and thus variation of ��fS is

exactly (with a minus sign) followed by �fG in this region.

Therefore, as found for the 2-D lattices, at 1 atm and 298.15

K trend of the �fG variations are only due to the variations

of ��fS values.

3-D helium clusters with bcc unit cells

Variations of calculated values of �fG�N (at 1 atm and

298.15 K) for the He9 (a unit cell), and He30 clusters with

bcc configuration (Fig. 8) with the lattice parameter are

plotted in Fig. 9. This Figure shows that functional forms of

�fG�N for the two clusters have few similarities. The �fG�N

value for the bcc unit cell (He9) decreases considerably in

two regions each having two distinctly separated minima.

A similar but weaker behavior with only one minimum in

each region is observed for the larger He30 bcc cluster. The

difference between the two minimum values of �fGmin�N

for the He30 cluster is larger than that for the bcc unit cell,

He9. The limited size of the clusters studied here may have

a significant effect on the calculated properties (this is the

well known surface effect studied already for the 2-D he-

lium lattices24). Therefore, the large difference between the

results obtained for these two bcc clusters can be attributed
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Fig. 6. Variations of �fG/N with the lattice parameter for HeN clusters with hcp configurations obtained at 1 atm and 298.15
K using the RHF/6-31G** method for He13 and He34 and the RHF/6-31G method for He104.

Fig. 7. Variations of �fH and �fS (298 K, l atm) with the lattice parameter for the He13 cluster with a hcp lattice calculated at
the RHF/6-31G** level of theory. The arrows mark limits of the stability region.



to this surface effect. This effect is considerably decreased

if sufficiently large clusters are used, and ideally vanishes

if the calculated properties are extrapolated to the infinitely

large clusters. Such an extrapolation would be possible for

computational results if several large clusters could be

studied.

Thermodynamic properties are calculated for the op-

timized structures of the bcc helium clusters on the basis of

the minimum point of �fG�N (at R � 3.82 Å) for the He30

cluster. Density of the solid bcc helium is thus calculated

as:

(4)

The calculated value of density for the bcc structure is sig-

nificantly less than that obtained for the hcp. This is in per-

fect agreement with the experimental results.26-30 Our com-

putations however show that the bcc structure is not quan-

tum mechanically stable due to the non-zero number of

negative modes obtained with the RHF/6-31G** method

for all values of R. This instability is probably due to the

surface effects, and interaction of neighboring clusters in a

sufficiently large cluster may reduce this instability.

CONCLUSION

RHF�6-31G** computations carried out in this study

showed that 3-D helium clusters have lower electronic en-

ergies compared to the isolated helium atoms. The per-

atom binding energy and the optimized lattice parameter do

not depend significantly on the number of atoms of the

cluster. Analysis of the R-dependent properties showed

that the 3-D cubic, hexagonal and trigonal clusters of he-

lium are quantum mechanically stable over a relatively

wide range of the lattice parameter. This shows that in a

thermalized liquid He at high temperatures and in a poly-

crystalline solid He, many different clusters with different

lattice types may exist. More accurate and detailed struc-

tural, electronic and thermodynamic analyses would be

possible when all computations are carried out at higher

levels of theory such as MP2 and MP4 and at low tempera-

tures and high pressures. These calculations are underway

in our research group.

Interest in the synthesis and study of materials at

nano-scale has been ever increasing since the emergence of

nano-science and technology. At this scale, atoms and mol-

ecules may form different clusters with different chemical

and physical characteristics. This interest is intensified for

the case of helium which has the weakest inter-atomic in-

teractions in the liquid and solid phases, and thus a range of

sizes and shapes are epected for the assembly of helium at-

oms in these condensed phases.

Recently, McKellar et al. have been able to produce

small clusters (N < 1000) of He solvating different spe-

cies.31-32 They have used spectroscopic techniques to probe

properties of the molecules solvated in these nano-clusters.

Results of theoretical studies such as those reported here

but obtained at a higher level of theory would serve as a ref-

erence for evaluating experimental data such as those re-

ported by McKellar et al.

Application of liquid helium in cryogenic systems in-

creases the importance of such theoretical studies which
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Fig. 8. Structures of the two He9 and He30 helium clus-
ters with bcc configuration studied at the RHF/
6-31G** level of theory.

Fig. 9. Variations of �fG/N at 1 atm and 298.15 K with
the lattice parameter, R, for a unit cell, He9, and
the He30 cluster with bcc configuration calcu-
lated with the RHF/6-31G** method.



can be used to predict its refrigeration behavior from char-

acteristics of the different clusters forming the fluid at the

given thermodynamic conditions.33

Received October 18, 2006.
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